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tudenﬁs who havk completed second year mathematics ‘are restrlcted
& Questichs 7 to 12.

Let f(x) be a function of x for X > O such that for every
integer k > O '

£(x+k) = £(x)
and 1 Fooiiil
f(x)dx = 0 .

1

S
: s -
Prove there exists c¢ > O such that for all x > ¢

£(t)at > 0.

0%

The following game is played by two players A and B . 2n+1
matches are placed on a tables A and B take turns in taking
away a number of matches, the numbers allowed beznq g 2003

6 8 0

until all matohes are removed. The player left w1th an odd number
"”of matches vlnu,: A makeg’ the flrst.moVe

Prove that 1f nagther player makes 2 mistake then
(1) if- n # 4g2¢/1 then A wins;
LR =

(ii) if n = Uk+T then B wins.
Work out the winning strategies.

Let XyseoosX, be positive numbers such that

x1+ x2+ cce +Xn=no
Prove that 1 1 1
-X-'. +§+ ece +‘f‘"‘{ ?_n 9
1 2 =R

and equality holds only if
: Xy = %5 = ees = . s S

The number- of odd binomial coefflclento in a given binomial expansim
is a power of 2 .

Find all solutions of the simultapeous equations

3- b3- 03 = 3%abe
2

a® = 2(b+ec)
in positive (non zero) integers.

a

]

Given a convex n-sided polygon with k diagonals such that every
pair of these diagonale meet, prove that k <SR,
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7¢ Let A', B', C' be points on the sidee BC, FA. AR of the trianglse
ABC . Prove that one of the triangles AB'C', CA'B', BC'A' has an 2

area no greater than the area of A'B'C' . %

8. Let c, denote the n-th integer which can be written in the form
"y (K,1°= 2,;3,4;,¢4s)4" Prove that
s .3

2
n=1 e,

= 1 °

9. If the associative law is not valid then the product a1a2a3 has
two possible values , viz. a1(a2a3),(a1a2)a3 « Similarly 8,8,858)
has five possible values , ViZe a1(a2(a3au)) . a1((a2a3)au),
(ay25)(az2)), ((a4a35)az)a, (a4(aya5))a), -

How many possible values has the product

a1a2000an
$0r general n? e
10. Let Xy5 Xpsoee be a sequence of distinct numbers in the interval

(0,1) such that if a and b are twvo distinct numbers in the
interval (0,1) then there exists an x, between a and b . The
points X1""’Xn—1 divide the interval into n disjoint subin-
tervals and Xn divides one of these subintervals into two parts.

Let a , b, Dbe the lengths of these two parts. Prove that

Q
ni1 anbn(an+bn) =1/% s

1. If n=LUm+ 3, determine n subsets Sys S5 ey 8 of the
et 14,72, Lo HYY SGBH UYL YV euen 8; is of order 2m+

(i.e., contains 2m+1 elements);(ii) for i # j 8y N 8y is of
grder’ .m .

Partial solutions (i.e. for many but not all values of n) will
be accepted.

12, The Cayley-Hamilton theorem states that every matrix satisfies its
characteristic equation. Prove that if

i Rl P

and Aij = aijI where I is the n x n identity matrix, then
the determinant of the following n2xn2 matrix is identically zero:
=3 A A

: 5 /3" in
A21 A22_ A [ BN ) .A2n
An1 An2 o 0o AIm-.A o
For example if a by then ¥ " U0,
As i 3

-C a=d 0 b
Oneie 0 8 O 4w =&
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SOLUTIONS OF SUMS
Competition problems.

PART I

L e
B )

F(x) has a

i
o
“
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A
Q
A
-
™

pd
e skhot Bhx)rm. L. PLAIAL.. +. L B00D. X
0
minimum value, F(x) > F(¢) for 0 <x <1 . Now F(0) =F(1) = 0, and
by the assumed periodicity of f(x) , F(k+y) = F(y) for every integer
X

X
k>0, In particular, F(k) = 0 and F(x) = é ar ¢ { 1f = F(x-[x]) >F(ec)
= X

for every x > O since O < x - [x] <1 . Hence
X
) =QReé) » Fr>0 Tor il x> 0,
c : _

Solved by J.E. Hutchinson, I. Peterson, P.W. Donovan.

24 Solution by Hutchinson:

A "strategic position" P, for player X is defined as a position

k
"7in which (1) X's opponent has the next move, (2) there are Lk or Lk+1
matches left on the table, (5) X has an even number of matches in hand
if k 1is odd and an odd number if k is even.
First we show that whatever is Y's (X's opponent) next move, X can
reply so as to move into a strategic position Pk-1 .
(i) If Y takes 1 or 3, X replies by taking 3 or 1 respectively.
(ii) If Y takes 2, X replies by taking 1 or 3 matches depending on
whether Lk or Lk+1 matches were originally on the table.
Clearly the moves result in a Pk—1 position for X . Finally, there
/i1l result a position PO for X with O or 4 matches on the table
(in the latter case Y's turn to move) and X holding an odd number of
matches.
If the game commenced with 8k+1, A ‘takes 1 match; if it commenced
with 8k+3, A takes 3; in both cases a P2k results. If the game commenced
with 8k+7, A takes 2 matches and produces P2k+1 . In all these cases

A wins. Finally if the game commenced with 8k+5, B is in a strategic

p and so winse.
2k+1 Also solved by Petersone.

3e a + % >2 for a> 0, equality only holding if a =41 . Hence
1 1 1
(X *oa bR )+ (—+...+—)=2(X.+- ) >2ny
1 n X, X, LN Tey
2 %4 >2n-n=1n.
- S |
Xy= cee= X = 4 . Solved by Hutchinson, Peterson; Donovan.

Equality holds only if P e

B 2 o | WO - — ™ -



Solved by Hutchinson, Peterson; Donovan.


SOLUTIONS OF SUMS


L. Solution by Hutchinson:

F1rst we chow (A): (?) is éﬁéﬁ'if n=2" and 0<r<n.

For p =1 the result is“frivially true; assume result for some
P>1 and let O < @< 2P ., Then

2p+1
s

L o et
22y #5225
i=1
which is even by the induction hypothesis. By symmetry it is also even
for 2P< 5 < 2p+1.
Now let n=2P+ ¢t , 0<t <2P ana consider (2)

(a) Take 0 < r <t , then

(BN | z 2 ( By Bxey o itg i 2) by (a).

Consequently (2 +t) (2 +t) and (;) are all odd or all even.
. : 2Pyp
p n oP
(b) Take t < r < 2P | then (L) = z (1)( _s+) which is even by (A).
T=0
By (a) and (b) the number of odd binomial coefficients in the ex-
b
+t

pansion of (1+x)2 .is twice the number in the expansion of (1+x)t
(Ot <), Repeatedly reducing the index of expansion until it is
vequal to a power of 2 it is seen that the number of odd coefficients in
the expansion (1+x)9 is equal to 2%  where a 1s the number of steps
in the reduction. The latter is equal to the number of unit digits in
the binary representation of n .

b Generalization by Peterson: The number of hinomial coefflcients in
(1+x)™ not divisible by a given prime p is egual to ﬁ (1+ai) where

% i=0
n‘;‘.‘ ao+ a1p+ooo+akp 9 O .<_ ai L p °

W

Proof: Let O < r < p- and let pd be the largest power of P’ .which
goes into r . Then pk_d[(p ) « For r =1 the statement is obvious;
for r > 1 it follows by induction from (pk ) = (P ) E%i%’;‘ In part-
icular, all binomial coefficients (gf), P « pkl, are divisible by
P, and (1+x)pk s (1+4x® ) (mod p). Therefore

k k
(1+x)™P (1+xP )™

]

th

m k
2 (?)xrp (mod p)
r=0 .



- 3 .o
hapoe it Q<€m<p, (1+x)mp has exactly m+1 coefficients not
divisible by p .

Ganerally for 0 < J < pk s RSP

I k . SEm m
(14+x)™ T = (14+x)™ (14x)9 = (4+x)Y 20(?)xrp (mod p) .
r=

Therefore if there are N(j) coefficients in (1+x)J not divisible

e
by p then there are (m+1)N(j) such coefficients in (1+x)™ *J | ang

the result is evidently true also for m = 0 « This gives

: > e
N(mpk+j) B indt ()] for O0< J<p , O<mt Ple

in particular k*1)

N(n) =(ak+1) N(ao+a1p+,ga+ak_1p

which gives the required result, by induction on k .
-
. as—b3—03—3abc = (a-b—c)(a2+b

|8 =b -—0c=0 ap a2+b2+02+ab—bc+ca =B . BiG

2+c’rab-betca) = (a+b)2+ (b—c)2+ (c+a)2 = 0

2+02+ab~bc+ca) =80~, thengke <either

i J
A/

2(a%+b
requires a = -b = -¢c which is impossible if a,b,c are positive.
Hence a = b+c , and from 2 2(b+c)

w2 b earyreTeT.
Solved by T. Dent, Hutchinson, Peterson; Donovan.

6. Let PysPyye.e,P  be the polygon. If there is a vertex with only
one given diagonal running from it, we can reduce n by omitting this
vertex and its diagonal. The remaining polygon has k-1 < n-1 diégonals
*By induction on n . (For n < 5 the theorem is obviously true as the
total number of possible diagonals is < n).

Assume therefore that each vertex has at least two diagonéls running

out of it. Let P,P,, P1Pj (i < j) be the two outermost diagonals from

1
P1 e« All vertices Pk with i < k < jJ can'only be connécted with P1 3
for if Pth is a diagonal and 1 < h < J then Pth does not meet
P1P'j and if h > j then it does not meet P,P, . Hence there is no

vertex between Pi and Pj and we only have to consider the case when
exactly two diagonals meet at each vertex. In this case the number of
diagonals is %? =N .

Solved by Hutchinson.



- Solution by Peterson = = == 777 T —
Let Eaini e %f< s n), i=1,.0.,k be the given diagonals, 6.
arranged so that 1 §|a1 5_“2 < een gka <n . For simplicity we denote ®

them by (ai,ﬁi) . Then for every Jj , B

1A/

3 @, since otherwise (“1,61)
and (aj,ﬁj) had no point in common. Furthermore ﬁi Z.Bj' for 1> )
since otherwise (ai,Bi) and (aj,ﬁj) had no point in common. (We use

here the fact that the polygon is convex.) We now have the inequalities

1 38 ... 8 &8 ¢ ... 8% £ n

S 1 = ="k = 1= = e
i = «a a = =
whore P <8, 4P & S8 . AN N W T 7 =Pl
Let m, be the number of values 1 for which ai < ai+1 s
m, the number of values i for which Bi < Bi+1 .
Then m,>k=-1-m , m +m > k- (1).v
= a
On the other hand m, < Bk’ L N hence by @, > Bk ;
g Cm oW mgdlmg £ AT (&)
(1) and (2) give k-1 <n-1 , k<n.
P A R =,

7 Let BA'/BC = kg GBL/CA = 5 A0 /AR 2430 8., ¥ < 150
(Remark by Hutchinson: if A', B', C' are not between B and C; C and -
A; A and B respectively then question is incorrect.)

Let area of O4ABC be one unit; then
Area AAB'C' = (1-B)y , AOBC'A' = (1-=r)a , ACA'B' = (1-2)B , el
Area A4A'B'C!

1-(1-B)y - (1-r)a - (1-2)B

(1=2)(1=B)(1-7) + aBy .
Now if & > 4,8 <4 then (1-2)B < (1-2)(1-B) and (1-*)B < 2P nence
(1-a)B < (1=a)(1-B)(1-r) + aBy , ‘
ACA'B' < DBA'B'C! .,
Similarly, if B > %, ¥ < # then JQAB'C' < AA'B'C'
and if ¥ > 4, @ < % then ABC'A' < OBA'B'C' .
Hence we may assume either a < % , B <% ,¥vY <% or a>%,8>4%4, v > 4.
We show that AA'B'C' > %. which will prove our statement. Suppose that

@« =4%+a,B=%+Db,r=4%+c where either 0 < a,b,c < % or

A N

z < a,b,ec < 0. Then
(+a)(3+b)(E+c) + (F-a)(E-b)(%-c) Hutchinson.
%.+ ab + ac + bc > %) ge€esd. Solved by‘Donovan,

AA'B'C!



Solution by Peterson


—5-
9e Solution by Donovan:
Let T(h) be the number of possible values of the product with
n-factors. In any produot .the final multiplication is of the form
- : . &3
[ayeeea ]l 4eee8 ] s 1 < T <n . The first factor can be evaluated in
T(r) ways, the second: (independently) in T(n-r) ways.

n-1 =
Senee _ ™(n) = 2 T(r)T(n-r) , TM) =1 (1)

=
Now write 00 -

B w. 5. Moy .

n=1

Then = e 0
(F(x))2 = 2? (nz1T(r)T(n-r))xn = gj T(n)x"
’ nse r=7 n=2
= F(x) -x
by (1) hence F(x) = t(1-1-Lx) = %: %(22:2)xn
n=

by the well known binomial expansion. Hence

dhalpel 2 )0

10. If at the n-th stage (i.e. after x, has been inserted) the n+1
3).

subintervals are dno’dn1""’dnn

This follows immediately from

n
&, .
e 3

(o)

n
3 sotts
then a bk(ak+bk) = 3(1 :

k=1 &

¥ 2 - S
Banbn(anfbn) = (an+hn) - 8 "=b 7,
T
We have to show that 1lim ( 3 dy 1 =26,
n—> 00 i=0
Now if nAn = maxidni; i £ 0.t it
—then 2 dni3 < Anz X dni = Anz
. i=o i=o

n
since 2 dni =1. But 1lim 4 = 0 Dbecause of the denseness of

i=o n->0o

the seqguence X, e

Solution by K. Price:

Consider a right square pyramid Po of unit height on unit base A .
The perpendicular from the vertex to the base of the pyramid is of unit
length*and represents the interval [0,1].' Choose a point x, on the
perpendicﬁlar, cutting it into two lengths a1,b1 (a1top, b1 bottom).
Draw the horizontal plane through x1v and the four vertical planes

through the lines where the horizontal plane cuts the slant sides of

the pyramid. These planes will cut the pyramid in ten pieces as follows:



1) A top pyramid P, similar to P_, with height a, .

1
2) A rectangular prism with base a12 and height b1, i.e. volume .
2
a1 b1 °

3) Four side pieces of bas%a1(1~a1) and altitude b,, of volume
1 ) - )2
Mg1(1—a1)b1 = ),2qPy  each, hence total volume a,b,” .

L) Four corner pieces which pushed together give a pyramid P2
similar to P_, with height b, . So the selection of X,
divides the pyramid into the volume a12b1+a1b12 S a1b1(a1+b1)
and two pyramids of measure ay and b1 respectively. Clearly
the selection of X, will extract from one of the n pyramids
obtained previously a volume anbn(an+bn) and leave two pyramids
corresponding to the division. But the total volume of the n
pyramids tend to O ©because of the denseness of the points Xy s

(o0}
BES 80 3 a b (a +b_ ) = volume of P = .
4 nn n o o} 5
Also solved by Donovan.
11 The problem is unsolved for general n =im + 3. If n=p is a
prime number, a solution is obtained as follows:
-~ 2 2
Let x4 =217, X5 2 27 ,0005%y ., = (2m+1)° be the guadratic residues
modulo p. Set = = ;
8; = (1+x1, 1+x2,...,1+x2mf1)
where i + X is replaced by i+xk—p it i+xk> P . Then the subsets
S; satisfy both conditions (i) and (ii) . The first is trivial, the
second follows from the fact that for given residue a z j-i s the con- =
S k°-1° = & (mod p), 1 < k,1 < 2m+
has exactly m distinct pairs (k,1) for solution.
For instance if m=1, n=7, the following sets supply a solution:

(12k) © (235) (Bu6) (L57)c (156) : (267) «(437) .

This is the well known model of a finite projective plane with 7 pointse.
e We can write Cn uniquely in the form Cn = kl where k> 2 18
not a power and 1 X2 J ‘Then

o 1 o - g 1 e O B DO D 0. s

ZC_1=Z'21=Z'Z ZT=Z'ZZT

n=1 “n k=2 1=2. k"= 1 _ k=2 1=2 p=1 kP k2 p=1 1=2 kP
sofBtaPoais poia
k=2 p=1 kP(kP- 1)
(see p7)

where 3' indicates that the sum is extended for 211 ¥k > 2 whiech ia



(see p7)


12, Solution by Donovan.
If M = (mij) is an n x n matrix, denote by E(M), D(M) the

following n2x n2 matrices:

My oo Mg ¥ ¥ s
E(M) = e e MET W D ¥
NG e Ry g u
where Mij = mijI .
The following is easily verified:

E(A)E(B) = E(AB), D(A)D(B) = D(AB) (1)
E(A)D(B) = D(B)E(A) , (2)
B(E7) = (@}, b)) = (p@)}™! (3)

for non-singular H ., We want to show that

det (E(A) -D(A)) =0 .

R

Now if H is non-singular then
E(H_1AH) - D(H"1AH) and E(A) - D(A)

are similar; for

E(H—1AH) D(H’1)E(H'1)E(A)E(H)D(H)

o™ an) = p@E"HEE)D(A)E®E)D(H)

1l

Py (1) amd (2) .

We may assume that the field of the aij is algebraically closed,
Determine H so that B = H_1AH is upper triangular, with the character-
istic roots A, ,.es,A in the diagnal. Then E(B) - D(B) itself is

\ﬁpper triangular and the characteristic equation is

n n n
T (x-xi+x.) « % O (x-xi+x.) = 0.
is1 j=1 J i#3 J

But by the previous result E(A) - D(A) has the same characteristic
equation, which shows not only that det(E(A) - D(A)) = 0 but that

E(A) - D(A) nhas rank < i B .

8.(cont.) not a perfect power. Reordering of summation is permimaible

since all terms are positive, provided that the last sum converges., But

every integer m > 2 can uniquely be written in the form kp, B xRy

k (> 2) not a power. Hence the last sum is equal to i

3 . =F;(—l——1)=1.
m

m( m-1 P, m-1

m=2

Solved by Donovan, Hutchinsone
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