SYDNEY UNIVERSITY MATHEMATICAL SOCIETY

1965

Second Annual Problem Competition

This competition is open to all undergraduates. Separate prizes
to the value of £5, 0. 0 will be awarded for the best solution
from each of the four years. The competition closes on Tuesday,
29th June, 1965, and all solutions must be in the hands of the
Pure Mathematics Secretaries at the Universities of Sydney or

New Souch Wales by this date. Contestants must supply their full
name, term audress, 'phine number, University, Faculty and year.

Contestants are allowed to make free use of textbooks or any other
legitimate source of information. Partial answers will be accepted,
particularly from the first and second year students. Credit will
be given for elegance of solutions and for possible extensions and
generalizations, e.g,, if you can deal with Question 9 when n is
even, etc,

The prizes will be presented at a special S.U.M.S, address

at 5.15 p.m. on Tuesday, July 6th, 1965. This will be followed
by Supper in the Tea Room of the Purec Mathematics Department

at Sydney University, to which the Mathematics Staffs of both
Sydney's Universities will be invited.

The Committee of S.U.M.S. would like to express its gratitude to
Professor Szekeres, Professor of Pure Mathematics at the
University of New South Wales, for editing the problems, and to
Mathemati:s Staffs of ,oth Universities for kindly donating the
prize-money. :
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1. £ :i”xpk sl o o RS &, P> Q; Q> 0, prove that
k=1 ° - k=1
n

qu log V(q‘k./pk) >/ 0.

2. A matrix has m rows and n columns, myn , All columns
of the matrix are distinct. Show that one row can be
removed such that the columns are still distinct. Is the
condition m ) n necessary?

3. A function f(x) is analytic on\khe real line and has the

property that for each real x Yhere is a rational number
r = r(x) # O such that

£(x) = £(xer)-"
Prove that f(x) is periodic. Produce a counter-example to
show that it is not sufficient merely to assume continuity
of E(x).
4. Determine all the formal power series

n
a z

5o}
\ n
with the property that for k = 1, 2, ... , the equation

skﬂ anzn =0
AN )
n=0

has all its roots on the unit circle.
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For WhatvSéts {pi} »1=1, «s. , n, does equality hold?
Establish a corresponding result for points on the unit 3-sphere.

A positive sequence {a } is such that a1 é VS

Prove'that z:an diverges (i) if the sequence is monotone
decreasing (i.e. i< j implies ;) aj), (ii) without any such
restriction.
Construct avpositive sequence {an} such that

. TN for all n,

A sequeﬂce of primes

Py = 2, P, = 3 Py = 7, p‘4=43,. |
is such that By is the largest prime factor of PiPye«eP * 1.
Prove that 5 and 11 are not members of the sequence. (It is not
known whether the sequence is monotone increasing.)
Let n be odd and Sn the symmetric group of n objects,
consisting of all permutations of these objects; Prove that
to a given eSn , not the identity, one can find a second
permﬁtation o} esg such tﬁat 7 and oytogether gene:atg’thel i‘
whole group, Sn‘ V
Let (xl,'xz, EEION xﬁ) be an arbitrary permutation of thé*Sét of
integers >(1, 2 .. 05 | |

n-1
U = U(x;, ooe , x)= 2 £ 17 Ry A |

n
E isrthé:éxpeéted value of e
U(x), as (xl, e xn) varies over all n! permutations of
thiaes o).

Prove that

E = 30D .

Determine the variance of u(x) .

5@ Cn+1) Chn-7 )en-ry



SECOND S.U.M.S.

COMPETITION; 1965,

SOLUTIONS.

First Soluticn

O

n
a,,

ey
v
ot
]
i

1

>

(Using the inequality

Equality ornly when P, = q,

Second Solution (C.J. Smyth, A,

K= 3 K= 1

(A.J. Berrick. S.U., and N. Larschy, N,.S.W.).
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(qk—pk)
k=1

=1-1=0

for - 1 <x < 1)

N.iL)

Use the weil known inequality between the weighted
arithmetic and geometric meang of positive numbers:

20D b4/,
oL Eae 5 i
=5 2 LR,
i 4 ; -t
with AgameBfe, and b .r=qgi Gives
: X - & - 3 < 3
& i A < ' el
H (}3:] .t_ . 3 ’ ZC‘_. lf_‘{‘,' (ql/ vi) 2 Q.
Third Soilution (several solvers).
Por fised Qg¢r+-+,%,, consider the p. as variables,

1
'subject to the constraint

0 & ‘» A -
for a critical

condition

) . %
ieti. 1og (g,

¢pk 2 § o

which gives

i

By Lagrange, the

(Zpi> =5 0, k= 1,...,n,

— s A= 0 20w = A S A e o}

pz( 5 “i- k Kk s
Po.» 8. -for every: Lk-a Tuis is the only critical point,
i &b < 3
and a true maxinun.{the expression becomes -~ ® on the

boundary oI the region

iy
%
)
4

o 1, p- > o fewil . %)) s
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Solution by D.R. McKenzie, N.S.W,

Suppose that the matrix A has n distinct columns, and

has the property that removal of any of its m rows will

- leave at least one pair of equal columns. We want to

show that m < n

Suppose that removal of the i - th row will cause

the P~ th and qi - th columns to become equal

(if there are several such pairs of columns, select any
one of tpem). Thus we have selected m pairs of columns,
(pi,qi), i=1...,my one for each row. The pairs
(pi,qi) are all distinct, otherwise we had two equal
columns already in A , contrary to assumption.

Now represent the columns of A by vertices of a graph

(numbered 1,2,...,n) and connect two vertices P and q

by an edge if and only if the pair (p,q) appears among

the pairs (pi,qi), ow=1.5 . 5N The graph G so obtained
contains no closed circuit. eor 3 (8,0 » (D . 0§, ),
122 14 i,

(az,as) = (pi?,qiz),...,(ar,ar+1) = (pir,qir) are edges of
G and j is distinect from il’iz""’ir’ then the j -th
row has equal entries in the a k8, a.wth..... =& ~-th

2 2 = el
columns and the : inl . : a 3
olumn nd therefore certainly (pJ,qJ) # (wl,ar+1)

The result m < n now follows from the observation that a
graph with n vertices which contains no closed circuit
cannot have more than n - 1 edges.

Counter example for m=n -~ 1: Aii = e 1,;..,n -1,

Aij =0 for 1 +£ 3

Rows of A are clearly distinct, but removal of the i-th

~-row will leave the i-th and n-th columns equal (both are 0).



-

3. Solution by J.E. Hutchinson (N.S.W.) R.H. Street, (Sydney)
and P. Wark (N.S.W.)

For any rational number r, let S be the set of points

x < 1) for which

L/ o

in the closed interval I = (x; 0
f(x) =if(x+r).
Since the set of rational numbers is countab’e and by

assumption I = U Sr 5. there is an. r such that Sr
r

contains infinitely many points. By Bobzane - Weierstrass,

S. has a limit point £ in I

Ay

r 2
Let {{}; n=41,2,... be a sequence in. S with<«Jim X =
n T : n
n =
‘By assumption
x(Xn+r) = f(Xn), Hre 0D
But if f£(x) is analytic then so is f(x+r) and therefore
by the identity theorem of analytic functions %L1 = ()
in a neighbourhood of K ¢
Hence f(xir) = £(x) for all x.
Counterexample in the continuous case:
The function
f(x) = sin 2mx for: - ~1<x<1
£(x) = © for A&/l
is continuous and
fix) = £({g-1) for x<-1 and 0<x<1,
f(x) = £(x+1) for -1<x<0 and x>1
Thus f(x) satisfies the requirements but clearly it is not
periodic.
4, (Several solvers).
If C is any non-zero constant and IB] = 1 theu
2 2 n
0{1pz o B 5 00+ 85 + 7 )
has the required property. We show that there are no others.
n
h = b - J-a %
Let then f(z) A 242+ ... 42 Z 4
be a formal power series with the required property. Since
a +ta;z = ¢ has its roots on the unit circle, we must have
e , 7 = —
[ao/ajl = 1 hence a #0 . We mag assume a_ = a, = 1;
ctherwise consider g(z) = %— £ (EE £ o I 4 8 4.8 bnzn e

instead of f(z) which clear'y has the same property.
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We want to show that e oot on=2.8,0.. &

Suppose that the statement is not true and n(>1) is the
smallest index with bn¥1. Then
n n-1
bnz + +eoot+2+1l = O

has all its rcots on the unit circle. The product of these

roots is (-l)n/bn, therefore Ibn =.1 and

b = s 2ol i At
for all roots. Since both z and z° are on the unit
circle, this is only possible if either zn = Z - Oor zn =z
In the first case zn"1=1, Lo Zia P O,vzn_1 + bnzn = 0,
% bn+1 = 0 for all roots which is impossible. Therefore
zn =z = z"l, zn+1= 1.-3 ; T %, 00w 0, bn - 1,

3. Solution by J. Hutchinson (N.S.¥W.) and J. Warmsley (Newcastle)
Let Pyseees Py be vectors of unit length in Euclidean

-k - space, representing pcints on the (k - dimensional)
P P

unit sphere. Then dij = !gi - Ejl and
2 oz
i, i,3
=3
= \ I 2 | 2 - Z'
L‘ (p*' = ‘Ej’ = 8 ooy
1,3 i,3
2 %
= - 2 <P
an £ 5128y
1,3
since lgilb = 1. But
=
v i . 0
i,J
therefeore
% 2. 9 5 2 2
- dlJ &l 5 24 dij o,



5. Solution (continued).

equality holding whenever

Py = .. o o .

The result is valid in any Euclidean k-space.
McKenzie noted that if n is even and with each point
also the diametrically oprosite point is in the given set,

2 2
then Pythagoras gives immediately Zdijé =

6. (After J. Hutchinson (N.S.W.) and R.H. Street, Sydney).
Suppose that &, is monotone and Zan converges. Then we

must have na_ =& " and 3 m>0 so that setting

m - 1) a =

m-1 .
we have NS¢ forn>wm But then
=9 S R W a O + a
m-3% .2 MY S Ty n< (m4+1)?
rer S By B S RS S SR 2
— 2n mé (n+1) 4dma
o el )
e = e
m A
2n
'\/\ f_ BN C \: Eif = —_C_
2m %) 2 m-i ’
m-1

a contradiction.

No correct solution was offered for the non-monotonic

7. Solution by Hutchinson and Smyth.

set tentatively

S Ty - ety
an 3 n » By X,
r=1
Thens -~ —a 1 o gives
n-1 n n«

MB
4
e
o
oo}
W
~~
f=A
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7. Solution (Continued).

hence

)

r
‘z: (kfl) bk = if r  even
k=1

= b%(r+1) 3L » osda:

Or, setting kb, = e the recursion is
<8

with Cy = i

Solving for the first few values of Cx Ve calculate

cy = : c, =-1, Co.= 0, c .= 3. Bg mel, Cc. m» 0

8 y o & S

which suggests

Cp = 1. if k=1 (med 3)
¢ =1 if k =-1 (mod 3)
e = 0 if k= 0 (mod 3).
Assuming for the moment that this is true we obtain
o8
Z\j okl - 3 x “ 1
-— - e -
k 1= % 1 - x 1+x4+x”
k=1
and
o8] ® X
L k- 4 ® dt
e T T
k=1 k=1 g "t
hence
2 :
=k £ 2 2
a_ = ‘TT TS hpe e ——gi—ﬂ = —~—— arcot 2. (n+%).
n L: k J “ o g ¢
T @ 1+t4t N3 N3



7.

Solution (Continued).

Now irrespective of the assumptions made in the .derivation

&

it can be verified a posteriori that
2
a8 =carcot -~ (nsd), e>0
o J3
does in fact satisfy the required equation. For
: e x : 2 111
a -a = ¢ [arot e (p=g) - arcot =— (n+3)]
n-1 n J £ E =
; -5 N &
2 27 »
= ¢ arcot — (n“+d) = 2.3 .
V3
8. Solution by Smyth, Street and Anne Julienne (Sydney),
simplified.
If 5 is a member of the seguence then plp?...pn+1
' = k

(for some n) must be a power of 35, PyPy.. P, = 5=1 .,
which is impossible since the left hand side is = 2 (mod 4)
(every . with n > 1 is odd) while the right hand side
is divisible by 4.

Suppose then that 11 is a member, then plpz...pn+1 for
some n hag 11 for its largest prime factor. But is is

relatively prime to p1=2,

have the form STIES,
. = erjs =
plng..pn . 11 » 8
The left hand side is = 2 (mod 4), the ri
is = (ml)snl (mod 4) since 5 =-1 (mod 3)
831 san=s (- TRt (mod 3.

:Since the

be even, and

Now 11

and we nmust

left hand side

p2=3 and p3=7,

r is odd.
y
(mod 7) hence
2r+s =
= 56 " (med?)
2r+s =
have: 8" = = 1 (mod 7).

therefore it must

ght hand side

therefore

r+s must
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8. Solution (Continued).

But 5 is a primitive root mod 7 (i.e. the lowest positive
power of 5 which is = 1 (mod 7) is 55) therefore noc odd
power of 5 can be =1 (mod 7), a centradiction.

©. This thecrem is due to Sophie Picard. N¢ correct solution was
offered by competitcrs,
Dencte by xl,xz,..c,xn the objects to be permuted. The
usual cyclic aotation will be used. We show that already
a permutation of the type 0 = (12)(347...n) can be found io
generate Sn' Write 7 = (12), p = (34...n), so that

Pt = TP w g |

n-2 n-1

First we note that o = %0 = p , since n is odd

and pn“2 = 1 . Hence 0 itself generates a 2-cycle T and

2 (disjoint) T0-Z -cycle p.

We distinguish two cases.

(i) 7 1leaves at least cne Xy unchanged., Without loss of
generality we may assume that w(xl) = Xy . Since 7
is not the identity, tisere is an i such that
w(xi)¥xi . Assume ﬂ(xz) = X. 8nd take g aé atove,

(9]

Then reading from right to left

Tl =TTy =13y and ka'p_k = (1,3%8),

e 3.2, . n-3.
Thvs all transpositions (12, (13);..., (in) are in
the group generated by 6 and w , and therefore it is

‘the whole of Sn'

(ii) m moves every x, . Then 7 is not the product

=

cf disjoint 2-cycles such as (12, (34)(56)..., since

n is odd, and therefore it must contain a cycle with
b

more than 2 elements, e.g. ™ = (123...) (...)... But
= k B e

then T' =7 T = » = (23),: p1'p . . (2:33k),

B % 3 8., 03 %4 8 is generated as before.



12, Solution by Hutchinson.

e n‘;l

3

Pt ZL LL IXJ’L+JL’= Xil
X iq=1

.<I

.
where ZL runs through all permutations x = (

xl,xg,...,xn).
X

There are n! (n-1) terms, and each of the in(n-1) pairs

(j,k) with 1 Lk < j<n appears the same number cf times,

therefore
3wty o B :
En e n(n-1) % Z (3-k)
an>k21
n--1

k(n-k) = 3 (n-1) (n+1).

|
sl
i
Ui

k

I

To find V [U(x)] = E[Ux)]1% -{E[U(x)1}?:

]

(P)  n! E[U(x)]2 Z Z Civeen s kSt Wil

x1i,j
Consider 3|i-j||k-f| where i,j,k,. take all values . . .o

4
There are n~ terms. We take the following disjoint classes:

S : s 2
(1) Zers terms: i=j , k=, or both, 2n"-n“ cases,

(2) Non-~zero terms in which i=k, J={ .or i=}, j=k,

2n(n-1) cases.

(3) DNon-zerc terms in which the pairs (i,3), (k,L) have

' exactly one common member, e.g. i=k, Jj=l.
4n(n-1) (n-2) cases

(4) ©Nen-zero terms in which the pairs €53 itk ,p)

have no common element, n(n-1) (n-2) (n-3) cases.

Now Z li-3] |k=-p|=0 (A)
(1)
Z li-3] |k+p| = 2 \L (hity
(2) i,J

SHA- (a1 () (B)



10. Solution (Continued).

), l-gliegl =2 ) )li-sllk-3]
J

I

@ i#k
= 4 Ez QZ |i~3|1~iz |k-3]1- 4 EZ 11312
i d k i,
= -%5 (n+1) (n-1) (n-2) (7n44) ' ©

eventually. (all sums here are standard combinatorial

expressions).

) egiletbe) o lasiiedgf o)+ )os ) )

(4) 3.k {3 (2) ()

= %3 fo-1) 0 t) (0-8) (n=3) (5n +'4) (D)

Returning to (P) , there are n!(n-1) terms |xi+1-xiié,

therefore by (2) and (B) the corresponding sum is

2 '
(n+1) (n-1) = = n(n-1) (n+1).

=

n!(n-1)
Zn(n-

1

i

(&)

. 12(n-2) terr 1% ol = i
There are n!2(n-2) terms |xJ+1 le,x1+1 xi& with

j=i+1 or 1i=j+1, therefore by (3) and (C) the corresponding

n!.2(n-2)
4n(n-1)(n-2)

sum is 5 (041 (8-1) (n-2) (7ns4)

n!
30

(n+1) (n-=2) (7n+4).
There are n! (n-2) (n-3) terms with j#i+l and i#j+1,

therefore by (4) and (D)% the corresponding sum is

n!(n-2)(n-3) .
n(n-1)(n-2) (n~-3)

5 (n-1) (n+1) (n-2) (n-3) (5n+4).

=%%(mlﬂm2HWGﬂmH@-

Adding all contributions, the result is
2

t =
gﬁ (n+1) (i0n) - 3n% - 25n 4 24),

and

[\

IH

VU@ = B (017 - {BUE1}? 2 L (n41) (0-2) (4n-7)

O

12
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